I. INTRODUCTION
Heteronuclear spin decoupling in the presence of magicangle sample spinning 1, 2 ͑MAS͒ is one of the key ingredients to obtain high-resolution spectra in solid-state NMR. With increasing spinning frequencies, the advantages of multiplepulse decoupling over cw decoupling 3 become more apparent because the residual linewidth under cw decoupling increases with higher spinning frequencies. 4, 5 This broadening of the lines is due to the fact that the proton spin diffusion decreases with higher spinning frequencies and the line narrowing due to "self-decoupling" 6, 7 is reduced. It is, therefore, essential to use better decoupling schemes at high MAS frequencies.
The first heteronuclear multiple-pulse decoupling sequence that was generally applicable in solids with a dense homonuclear coupling network was the two-pulse phasemodulated ͑TPPM͒ decoupling sequence 8 which consists of two pulses with duration p and phase + and −, as shown in Fig. 1 . The TPPM sequence is widely used for proton decoupling in ͑bio-͒organic solids. While it is easy to implement, the experimental optimization of the sequence requires a two-parameter optimization, namely the pulse length ͑ p ͒ and the phase ͑͒ of the pulses. It is not straightforward to predict the optimum decoupling parameters as a function of the MAS frequency and the rf-field amplitude. In practice, experimental optimization in the two-dimensional parameter space is required.
There are many variants of the TPPM decoupling sequence that were developed in the process of trying to understand and improve the basic sequence: the frequencymodulated and phase-modulated ͑FMPM͒ decoupling scheme; 9 the small phase angle rapid cycling ͑SPARC͒ sequences; 10 the small phase incremental alternation ͑SPI-NAL͒ sequences; 11 the CPM m-n sequences; 12 an amplitudemodulated ͑AM-TPPM͒ scheme; 13 the GT-n sequences; 14 the continuous-modulation ͑CM͒ TPPM sequence; 12, 15 and the swept-frequency ͑SW f -TPPM͒ decoupling scheme. 16 The large number of modifications of the original TPPM sequence illustrates the interest in obtaining sequences that are easier to optimize and have a larger range of good decoupling performance. Another approach to the two-parameter optimization problem is the direct spectral optimization of the decoupling sequence on the spectrometer 17 which led to the CM sequence. 15 There have been other approaches besides the TPPM scheme to the decoupling problem in rotating solids. The symmetry-based rotor-synchronized CN n sequences can also be used for heteronuclear decoupling. This has been experimentally implemented using hard pulses and the C12 2 −1 sequence 18 requiring a fixed ratio between the spinning frequency and the rf-field amplitude. A second approach is the use of adiabatic inversion pulses combined with a suitable phase cycle at slower MAS frequencies. 19 Computer optimization of the spin dynamics for model spin systems led to the continuously phase-modulated DROOPY family of decoupling sequences. 20, 21 An amplitude-modulated decoupling scheme is the X-inverse-X ͑XiX͒ scheme 22, 23 which is especially efficient at high MAS frequencies. One can also de-scribe the XiX sequence as a phase-modulated TPPM sequence with a phase = 90°. It operates, however, in a parameter range where the pulses are considerably longer than in TPPM sequences. At very high spinning frequencies, low-power decoupling schemes become possible [24] [25] [26] [27] or the use of rotor-synchronized pulses in the rotor-synchronized Hahn-echo pulse train experiment. 28 Analyzing the efficiency of a decoupling method in solid-state NMR under MAS requires the analysis of all terms contributing to the observed linewidth in the spectrum. In general, there are nonresonant and resonant contributions to the effective Hamiltonian. The nonresonant contributions have two parts. ͑i͒ The residual second-order coupling terms, which are typically cross terms between the heteronuclear coupling and the chemical-shielding anisotropy ͑CSA͒ tensor or a homonuclear coupling. For an ideal decoupling sequence these terms would be zero, but this is not always possible due to the fact that there can be different contributions that cannot be zeroed simultaneously. ͑ii͒ Strong homonuclear couplings between the irradiated spins give rise to spin flips or spin diffusion. These spin flips lead to a line narrowing ͑self-decoupling͒ of the residual splitting. 6, 7 Such a process has very similar characteristics to the line narrowing observed in fast chemical exchange. The resonant contributions can be found at the resonance conditions between the rotation in real space ͑MAS͒ and the rotations in spin space ͑rf irradiation͒ and can either lead to additional line broadening if heteronuclear couplings are recoupled or to line narrowing if homonuclear dipolar couplings are recoupled and self-decoupling is enhanced.
The quality of heteronuclear decoupling can be measured using either the peak height or the linewidth which is often given as the full width at half height. There is no simple analytical relationship between the two measures of the decoupling quality, but typically the peak height will increase if the linewidth is decreasing. The residual secondorder coupling terms will lead to splittings that are manifest as powder line shapes that contain zeroth-rank ͑isotropic͒ and fourth-rank contributions. Reducing the residual coupling terms will result in a narrower powder line shape, i.e., a smaller linewidth and also increases the peak intensity. If the overall line shape is unchanged then the peak height will obviously be inversely proportional to the linewidth for these contributions. The effect of the homonuclear couplings on the line shape depends on the relative magnitude of the residual splitting and the rate constant of the spin-flip process. The behavior is similar to that of chemical exchange and can lead to a broadening of the individual multiplet lines or a single line in the center. Averaging over a powder where the residual splittings and the rate constants vary will lead to a complicated line shape where linewidth and peak height are no longer necessarily directly correlated. In this paper, we use the peak height as a criterion because it is experimentally much more easily accessible.
The discussion so far has focused on the observed linewidth or peak height during a free evolution period under decoupling. Another important quantity in the discussion of the performance of heteronuclear decoupling sequences is the refocusable linewidth in spin-echo experiments sometimes called T 2 Ј. 29 In this case, the same contributions to the observed linewidth are present as in the case of the observed linewidth during free evolution. Their impact, however, is different due to the additional refocusing pulse in the spinecho sequence. In the absence of spin diffusion on the I spins, residual second-order coupling terms will be refocused by the pulses and do not lead to a decay of the echo intensity. The spin-diffusion process on the I spins, however, cannot be refocused and leads to a decay of the echo intensity if homonuclear and heteronuclear second-order terms are present simultaneously.
A full analysis of decoupling sequences is possible in an interaction frame where the rf Hamiltonian is transformed away. In such an interaction frame, the Hamiltonian is always time dependent with at least two frequencies: the MAS frequency and the basic frequency of the pulse sequence. Depending on the details of the decoupling sequence, additional frequencies can be present in this interaction frame.
Spin systems with multiple time dependencies can be described by average Hamiltonian theory 3, 30 ͑AHT͒ only by either assuming that the time scales of the two processes are well separated ͑sequential averaging͒ or by assuming that they are synchronized and can be characterized by a common single basic frequency. Sequential averaging approaches have been used to describe cw ͑Ref. 31͒ and TPPM 20, 32 decoupling. The sequential averaging approach can suffer from the limitation that not all resonance conditions can be identified and an incomplete picture of the spin dynamics is obtained. AHT has also been used to describe rotorsynchronized decoupling sequences. 18, 33 A better description of time-dependent Hamiltonians with multiple frequencies can be obtained using multimode Floquet theory [34] [35] [36] [37] where the case of incommensurate and commensurate frequencies can be treated within a single theoretical framework. Using an operator-based perturbation treatment, one can obtain time-independent effective Hamiltonians. It is then possible to analyze the effective Hamiltonian in terms of the three effects discussed above. Bimodal Floquet theory has been applied to the description of cw [38] [39] [40] and XiX decoupling 41 as well as TPPM decoupling. 42 A detailed analysis of the radio-frequency interaction frame under TPPM irradiation ͑vide infra͒ shows that in the general case two incommensurate frequencies are needed to describe the interaction-frame transformation. Only in the case of exact pulses is the interaction-frame transformation described by a single frequency since in this case the TPPM sequence is cyclic, i.e., the propagator of the rf pulses after each TPPM cycle is unity. It is, therefore, best to describe TPPM decoupling using triple-mode Floquet theory 43 where one frequency characterizes the sample spinning and two frequencies the rf interaction-frame transformation. Such an ap- proach allows a unified description of all phenomena observed under TPPM irradiation. The full range of the two parameters p , can be described without approximations, and the correct results for cw and XiX decoupling are obtained in the limit of = 0°and = 90°. The limitations of the bimodal Floquet treatment 42 where the phase angle has to be small and the pulse length has to be close to the value of a pulse can be avoided. The full trimodal Floquet description allows the calculation of the nonresonant second-order residual coupling terms, the proton spin-diffusion contribution, as well as all the resonance conditions involving the three different frequencies. These resonance conditions play an important role in the understanding of TPPM decoupling and are described for the first time in detail since they are only partially accessible in previous treatments using AHT 20, 32 and bimodal Floquet theory. 42 In this publication, we first discuss some experimental findings to illustrate the dependence of TPPM decoupling on the MAS frequency and the decoupling rf-field amplitude. In Sec. II, the theoretical basis of TPPM decoupling will be discussed and the effective Hamiltonian for the various relevant situations will be derived. These results will be discussed in the last section and compared to numerical simulations and experimental results.
II. EXPERIMENTAL DATA
Before discussing the details of the theoretical description of TPPM decoupling, some experimental observations are presented, many of which cannot be explained in the framework of the previous theoretical studies of TPPM decoupling. 20, 32, 42 As discussed above, the line shape under decoupling is determined by the interplay of the residual linewidth due to the second-order cross terms under the decoupling sequence and the influence of the strong coupling network of the abundant spins that can lead to a further line narrowing through self-decoupling. 6, 7 Resonance conditions between the three frequencies can lead either to destructive contributions in the form of recoupled heteronuclear couplings or to constructive contributions in the form of recoupled homonuclear dipolar couplings. The contributions to the residual coupling terms and the magnitude and location of the resonance conditions depend on the rf-field amplitude and the spinning frequency in a complex way, leading to a complicated dependence of the parameters with the best decoupling performance on the experimental parameters.
The nonresonant and the resonant effects contribute to the observed peak height and lead to the typical experimental peak-height patterns shown in the plots of Fig. 2 . The plots show the peak height of the CH 2 resonance of 1,2-13 C-glycine ethylester as a function of the two parameters of the TPPM sequence, the pulse length p and the phase angle . The position of the maximum peak height is marked by a white "ϩ." At lower MAS frequencies ͑ r = 12 kHz ͑Fig. 2͑a͒͒, the area where the peak height is high, corresponding to good decoupling, is quite large. At higher MAS frequencies ͑ r = 25 kHz Fig. 2͑b͒ ; r = 35 kHz Fig.   FIG. 2 . ͑Color͒ Experimental peak height ͑peak height after Fourier transformation without an apodization function͒ of the CH 2 group in 1 , 2- The experiments were run on a Varian Infinity+ spectrometer with a proton Larmor frequency of 500 MHz using a 1.8 or a 2.5 mm double-resonance MAS probe. The phase resolution of the measurements was 0.25°and the time resolution was 120 ns. The rf-field amplitudes were determined using a proton nutation experiment. The position of the highest intensity is marked by a white ϩ. Numerical values for the parameters at the peak maxima can be found in Table I. 2͑c͒; r = 48 kHz Fig. 2͑d͒͒ , the range of high peak heights is much narrower, and one can clearly see the influence of resonance conditions where the decoupling performance is bad. For faster spinning, a careful optimization of the parameters is, therefore, essential. Table I summarizes the results of the four experiments of Fig. 2 in terms of the improvement over cw decoupling and the position of the best decoupling in the two-dimensional parameter space spanned by the pulse length p and the phase angle . While the maximum of the peak height is always close to a pulse length of p Ϸ , the position of the optimum phase angle varies over quite a large range between 7°and 17°. The locations of the resonance conditions, leading to "lines" of bad decoupling, change with changing experimental parameters. It is obvious that without understanding the dependence of the location of the resonance conditions on the experimental parameters, a full understanding of the decoupling performance will be impossible.
III. THEORY
Let us consider a spin system which consists of N I and a single S spin. This corresponds to the situation of a rare S spins ͑e.g., 13 C or 15 N͒ coupled to an abundant I spin ͑e.g., 1 H or 19 F͒. In a tilted coordinate system where the I-spin coordinate system was rotated by 90°about the y axis, such that the quantization axis of the I spins is aligned along the axis of the static part of the rf field irradiation, the tilted rotating-frame Hamiltonian is given by
where the rf-field part of the Hamiltonian was written as a general phase-modulated irradiation. The Fourier coefficients of the various interactions of Eq. ͑1͒ are given in Appendix A. In TPPM decoupling, the phase modulation has the form of a square wave which can be described by
In CM decoupling 15 the Fourier series consists only of the k = 1 term. Note that the maximum value for the phase of the first Fourier component is by a factor of 4 / larger than the value of the phase of the square wave. This will become important for the experimental comparison of the squarewave ͑TPPM͒ and CM decoupling sequences ͑vide infra͒. For TPPM decoupling, it is assumed that the phases are given by Ϯ and the pulse length is given by p leading to a modulation frequency of m = / p .
By going into an interaction frame with the radiofrequency part of the Hamiltonian, the system Hamiltonian acquires additional time dependencies and Eq. ͑1͒ can be rewritten in a general way as
where the tilde indicates that operators are in the interaction frame. The spin operators in the interaction frame can always be represented as a linear combination of the three Cartesian spin operators in the laboratory frame with time-dependent coefficients,
Ĩ z ͑t͒ = a zx ͑t͒I x + a zy ͑t͒I y + a zz ͑t͒I z .
The time-dependent coefficients a ͑t͒ can be expressed as Fourier series with multiple basic frequencies. For TPPM decoupling two incommensurate frequencies have to be included, namely, the basic modulation frequency of the pulse sequence and an additional frequency
where
Here, ␤ is the flip angle of one of the pulses given by
The frequency ␣ corresponds to the magnitude of the effective nutation about an axis which describes the combined rotation of the two pulses in a TPPM cycle. An expression for ␣ can be obtained by an analytical calculation of the time evolution of the spin system over complete cycles of the TPPM sequence. This is given in Appendix B. The timedependent coefficients can be written as a Fourier series with the two frequencies as
A closer inspection of the possible Fourier coefficients shows that the index ᐉ is limited to the range ͑−1,0,1͒ ͑see Appendix͒. The Fourier coefficients a ͑k,ᐉ͒ have been calculated by a numerical integration of an interaction-frame trajectory. For the homonuclear two-spin terms in Eq. ͑3͒, it is helpful to introduce a simplified notation for the Fourier coefficients and define a xx,
Note that the index ᐉ for the two-spin coefficients spans the range of −2 , . . . , 2. The index k goes from −ϱ to ϱ. However, for the range of pulse lengths considered here ͑ p ഛ 2 or m Ͼ 1 / 2͒, numerical calculations show that the Fourier coefficients ͉k͉ Ͼ 2 are small and can be neglected without significant changes in the results. Figure 3 shows a plot of the Fourier coefficients a x ͑k,ᐉ͒ for = x, y, and z for a rf field amplitude of 1 = 100 kHz two different pulse length p = 4.5 and 5.5 s and three different phase angles = 10°, 20°, and 30°. The diameter of the circles indicates the magnitude and the color the sign and complex phase of the Fourier coefficients. There are some general properties that are fulfilled for the Fourier coefficients,
The Fourier coefficients a xx ͑k,ᐉ͒ and a xz ͑k,ᐉ͒ are always real while a xy ͑k,ᐉ͒ is always imaginary. These properties will become im-
͑Color͒ Plot of the complex phase and the magnitude of the Fourier coefficients ␣ x ͑k,ᐉ͒ for = x, y, and z for a rf field amplitude of 1 = 100 kHz for two different pulse lengths p = 4.5 s ͑͑a͒-͑c͒͒ and 5.5 s ͑͑d͒-͑f͒͒ and three different phase angles = 10°͑͑a͒ and ͑d͒͒, 20°͑͑b͒ and ͑e͒͒, and 30°͑͑c͒ and ͑f͒͒. The diameter of the circles indicates the magnitude and the color the sign and complex phase of the Fourier coefficients. Blue indicates that the Fourier coefficient is positive and real, red that it is negative and real, black that it is positive and imaginary, and green that it is negative and imaginary. portant later to discuss the properties of the effective Hamiltonians.
The complete time-dependent interaction-frame Hamiltonian can be written as a function of three frequencies as given by
where ␦ n,0 is the Kronecker delta function. Note that the index ᐉ is limited to ͉ᐉ͉ ഛ 1 for one-spin operators and to ͉ᐉ͉ ഛ 2 for two-spin operators. The problem can now be treated with a standard triple-mode Floquet description. 43 The effective Hamiltonian for such a triple-mode Floquet problem is given by
with
Note the summation conventions used here, n 0 , k 0 , and ᐉ 0 , will only sum over the values for which the condition n 0 r + k 0 m + ᐉ 0 ␣ = 0 is fulfilled, while , , and will only sum over the values for which the condition r + m + ␣ 0 is fulfilled. The calculation of the interaction-frame transformations, the Fourier coefficients, and the effective Hamiltonians was done using the software package MATHEMATICA ͑Wolfram Research Inc., Champaign, IL͒.
As discussed in Sec. I the line shape observed in the spectrum can be correlated with the contributions to the effective Hamiltonian. There are two different types of contributions to the effective Hamiltonian: ͑i͒ nonresonant contributions that show up in the different orders of H ͑p͒ ͑0,0,0͒ and ͑ii͒ resonant contributions that show up in the different orders of
fulfilled. The residual line broadening under TPPM irradiation is given by the heteronuclear terms in the nonresonant part of the effective Hamiltonian,
while the homonuclear I-spin couplings are given by the homonuclear terms of Eq. ͑16͒. In order to make the discussion clearer, the nonresonant effective Hamiltonian will be divided into three parts,
which will be discussed separately. The first part contains the heteronuclear terms originating from cross terms between the heteronuclear coupling and the I-spin CSA tensor, the second one heteronuclear terms originating from the cross terms between heteronuclear and homonuclear couplings, and the third one the purely homonuclear I-spin terms. The effective Hamiltonians at the resonance conditions are given by the resonant first-order and second-order contributions to the effective Hamiltonian,
Analytical results for these terms are given here and the implications will be discussed in Sec. IV. The heteronuclear terms of the nonresonant part of the effective Hamiltonian, i.e., terms containing mixed I-spin and S-spin spin operators, consist of zeroth-order contributions from the heteronuclear J coupling and second-order cross terms between the heteronuclear coupling and the I-spin chemical-shift anisotropy,
The analytical expressions for the constants q x ͑͒ can be found in Appendix C. The second-order cross terms between heteronuclear and homonuclear dipolar couplings are given by
͑20͒
The constants q z ͑͒ and q z ͑͒ are defined in Appendix C. The terms of Eqs. ͑19͒ and ͑20͒ describe residual heteronuclear couplings in the effective Hamiltonian that are manifest in the spectrum as a residual splitting of the resonance line under TPPM decoupling.
The 
The fictitious-field terms lead to a small shift of the secondorder resonance conditions, i.e., the contributions by the H ͑2͒ ͑n 0 ,k 0 ,ᐉ 0 ͒ terms, while the homonuclear coupling terms are responsible for the spin-diffusion process that manifests itself as self-decoupling and a line narrowing in the spectrum.
A definition of the coefficients p ͑͒ , p ͑͒ is given in Appendix C. The zeroth-order contributions to the effective Hamiltonian on the resonance conditions are given by
and contain homonuclear and heteronuclear terms. Therefore, these resonance conditions can lead to a broadening of the line if the heteronuclear contributions are important. If the heteronuclear contributions are small and the homonuclear terms large, such resonance conditions can lead to an increasing spin-diffusion process resulting in a line narrowing due to self-decoupling. The second-order contributions to the effective Hamiltonian on the resonance conditions are given by
The corresponding terms can be expressed in full analogy to the effective Hamiltonians for the nonresonant case ͑see Eqs. ͑19͒-͑21͒ and Appendix͒, taking into account the additional general summation restrictions for the resonant case.
In the limiting case of cw decoupling ͑ =0͒, the characteristic frequencies reduce to ␣ = 1 while m becomes meaningless. It follows that the relevant Fourier coefficients are restricted to corresponding pairs ͑0,ᐉ͒ with ᐉ = −2 , . . . , 2. In the case of XiX decoupling ͑ = / 2͒, ␣ vanishes and m remains as defined in Eq. ͑5͒. In this case, only Fourier coefficients corresponding to pairs ͑k ,0͒ with k = −ϱ , ... ,ϱ are relevant. Thus in both cases, our theoretical framework is reduced to a bimodal Floquet approach. 38, 41 In the case of pulses, one finds m = 1 , ␣ =2, and, therefore, ␣ = ͑2 / ͒ m . For the case of being a rational multiple of , the interaction frame can always be characterized by a single frequency and a collapse of the triple-mode Floquet description into a bimodal Floquet description is possible.
The theoretical description of TPPM decoupling using effective Hamiltonians based on triple-mode Floquet theory uses an interaction-frame representation where the rf part of the Hamiltonian is transformed away. In principle, such an interaction-frame transformation requires that stroboscopic observations with multiples of the cycle time of the interaction-frame transformation are used. In the case of heteronuclear decoupling, however, the observation is done on the S spins which are in the usual rotating frame. Therefore, no stroboscopic observation is required in our case.
IV. RESULTS AND DISCUSSION
In addition to the analysis of the effective Hamiltonians based on Floquet theory, numerical simulations are used to characterize the features of TPPM decoupling. Experimental conditions of r = 25 kHz and 1 = 100 kHz will be used throughout this section to discuss and illustrate the features of TPPM decoupling where numerical calculations are required. The I-spin CSA tensor was always assumed to be axially symmetric and have an anisotropy of 3 kHz. All simulations were carried out using the PNMRSIM package 44 which is optimized for efficiently simulating large spin systems including specific optimization for calculating the time evolution under phase-modulated decoupling sequences. 45 To assess the size of the proton spin system that is required to obtain realistic simulations, experimental data were compared to numerical simulations with a variable number of proton spins. Figure 4 shows a comparison of experimental data ͑Fig. 4͑a͒͒ i.e., the peak height of the CH 2 group in glycine ethylester under TPPM decoupling as a function of the pulse length and the phase angle at a MAS frequency of 25 kHz and a rf-field amplitude of 100 kHz. The numerical simulations using a five-spin ͑CH 4 ͒ system ͑Fig. 4͑b͒͒ and a three-spin ͑CH 2 ͒ system ͑Fig. 4͑c͒͒ show that already relatively small spin systems can reproduce the experimental observations of Fig. 1 quite well. One can clearly see the same type of resonance conditions in the experimental and the simulated data. Note that the simulations do not include any rf-field inhomogeneities, while the experimental data of Fig. 2 were measured with a probe of which the rf-field inhomogeneity was determined by a nutation experiment to be 10 kHz ͑full width at half height͒ over the nutation profile. Including rf-field inhomogeneities into the numerical simulations would be straightforward but is computationally expensive. Since we do not expect any significant changes in the features except a smoothing of the resonances, inhomogeneity was neglected in all simulations. From the results in Fig. 4 , we conclude that the general features of TPPM decoupling are already visible in three-spin systems and further numerical simulations described here were calculated for three-spin systems.
To estimate the importance of the various interactions, numerical simulations of TPPM decoupling in a three-spin CH 2 system have been carried out where selected interactions have been left out. Figure 5͑a͒ shows the simulated peak height at a MAS spinning frequency of 25 kHz and a rf-field amplitude of 100 kHz where all interactions ͑CSA, homonuclear, and heteronuclear dipolar couplings, for details, see the figure caption͒ have been taken into account. Figure 5͑b͒ shows the same simulations without the N-glycine ethylester under TPPM decoupling as a function of the pulse length p and the phase angle at r = 25 kHz and 1 = 100 kHz. The experiments were run on a Varian Infinity+ spectrometer with a proton Larmor frequency of 500 MHz using a 2.5 mm double-resonance MAS probe. The phase resolution of the measurements was 0.25°and the time resolution was 120 ns. The rf-field amplitude was determined using a proton nutation experiment. Numerical simulations of the peak height as a function of the pulse length p and the phase angle using ͑b͒ a five-spin CH 4 system and ͑c͒ three-spin CH 2 -type spin system. The simulations were carried out using the PNMRSIM simulation package. The spinning frequency in all simulations was set to r = 25 kHz and the rf amplitude was set to 1 = 100 kHz. The phase resolution of the simulation was 0.25°and the time resolution was 125 ns. All dipolar couplings were included in the simulations as well as isotropic and anisotropic chemical shifts. The peak height was simulated for a powder average of 1000 crystallite orientations. Fig. 5͑c͒ the homonuclear dipolar coupling was set to zero. It is obvious that the proton CSA tensor is the main reason for the low peak intensity ͑i.e., broad lines͒ in large areas of the parameter space which confirms that a second-order cross term between the heteronuclear dipolar coupling and the proton CSA tensors ͑H ͑a͒ ͒ is the dominating term for the residual line with in cw and TPPM decoupling. 31, 38 The homonuclear dipolar coupling becomes important at = 90°which corresponds to XiX decoupling and confirms that for amplitudemodulated decoupling sequences the second-order cross term between the homonuclear and the heteronuclear dipolar coupling is the dominating term for the residual linewidth. 41 One can also clearly see that the area of good decoupling ͑high peak height͒ around p = 5.2 s and = 20°is significantly reduced illustrating the beneficial influence of the homonuclear dipolar coupling on the peak height. There are strong resonance conditions visible which degrade the decoupling quality and will be classified and discussed in detail in the following.
chemical-shift tensors of the protons, while in
Based on the effective Hamiltonians calculated in Sec. III, the nonresonant and resonant contributions determining the residual linewidth under heteronuclear decoupling will now be analyzed. The nonresonant residual coupling terms under TPPM decoupling are given by Eq. ͑19͒ ͑H IS : cross terms between heteronuclear couplings and the I-spin chemical shifts͒ and Eq. ͑20͒ ͑H IIS : cross terms between heteronuclear and homonuclear dipolar couplings͒. These terms are the source of the residual line splitting under the decoupling sequence.
The zeroth-order contributions in the Hamiltonian H IS of Eq. ͑19͒ are cross terms between the isotropic chemical shifts and J couplings ͑known as off-resonance decoupling 46, 47 under cw irradiation͒ and will not be discussed further due to the small magnitude of the J couplings compared to the dipolar couplings. The magnitude of the second-order terms is determined by the constants q x ͑͒ = q x ͑,0,0͒ ͑see Appendix, Eqs.
͑C1͒-͑C3͒͒. Perfect decoupling ͑no residual linewidth͒ would be achieved for H IS = 0 which depends on the relative orientation of the two tensors. In practice, good decoupling will be achieved in areas where all the coefficients q x ͑͒ are small compared to the Fourier coefficients of the interactions ͑see Eq. ͑19͒͒. From the symmetry properties of the Fourier coefficients a x ͑k,ᐉ͒ ͑Eq. ͑11͒͒, it follows that q xy ͑͒ = 0. Figure 6 shows contour plots of the four q x ͑͒ coefficients for = x , z and ͉͉ =1,2 ͑red: negative contours; blue: positive contours͒ superimposed on a grayscale density plot of the full numerical simulation of Fig. 5͑a͒ . One can clearly see that the area of best decoupling corresponds with the area where all the coefficients q x ͑͒ are small ͑where the color changes from red to blue͒, i.e., small angles and pulse lengths in the order of the length of a pulse. The detailed shape of this area will depend on the relative orientation of the two tensors, but one can expect good decoupling for pulse length slightly longer than a pulse and for phase angles between 5°and 30°. If one adds up the absolute values of all four terms shown in Fig. 6 , the minimum of the second-order cross terms lies on the line p = / cos . As expected, the q zx ͑͒ terms are zero for FIG. 5 . ͑Color͒ Numerical simulations of the peak height as a function of the pulse length p and the phase angle using a three-spin CH 2 system as used in Fig. 4͑b͒ but with an extended range of parameters. ͑a͒ Full simulation including all interactions. ͑b͒ Simulation without the proton chemical-shift tensor. ͑c͒ Simulation without the proton homonuclear dipolar coupling. Otherwise, in all simulations the same parameters were used as for the simulation shown in Fig. 4͑b͒ , except that the phase resolution of the simulation was 0.5°and the time resolution was 250 ns. 38 For XiX decoupling ͑ =90°͒, all q z ͑͒ terms become zero and the residual linewidth is no longer determined by the cross terms between the heteronuclear dipolar coupling and the I-spin CSA tensors. 41 The heteronuclear cross terms become large ͑and decoupling bad͒ close to zeroth-order resonance conditions ͑green lines in Fig. 6͒ where the heteronuclear dipolar coupling is recoupled ͑vide infra͒.
For the Hamiltonian H IIS of Eq. ͑20͒ there are only second-order contributions from cross terms between the heteronuclear and homonuclear dipolar couplings. These terms are small compared to the contributions by H IS except for = 90°͑XiX decoupling͒ and close to some resonance conditions which will be discussed later. A contour plot ͑blue contours͒ of the sum of all 18 coefficients, ͚ , ͉q z ͑͒ ͉ + ͚ , ͉q z ͑͒ ͉, is shown in Fig. 7͑a͒ for = Ϯ 1 and in Fig. 7͑c͒ for = Ϯ 2. Due to smallness of these terms, they will not contribute significantly to the residual splitting, except in XiX decoupling. In the case of XiX decoupling, they are the leading terms for the residual splitting due to the fact that the ISxI terms are averaged out. 41 The green lines indicate again the location of some selected resonance conditions.
The purely I-spin homonuclear contribution to the nonresonant part of the second-order Hamiltonian is given by H II ͓Eq. ͑21͔͒. The zeroth-order part contains the homonuclear J couplings and the isotropic chemical-shift terms of the I spins, while the second-order part contains fictitiousfield terms that lead to small shift of the resonance conditions. The main contributions, however, are the second-order three-spin homonuclear dipolar cross terms that promote spin diffusion on the I spins. These homonuclear terms play a role mainly in areas where the residual linewidth is already small. These terms are significant over the whole range of parameters, as can be seen from the contour plot ͑blue lines͒ of the sum of the coefficients, ͚ ,, ͉p x ͑͒ ͉, in Fig. 7͑b͒ for = Ϯ 1 and in Fig. 7͑d͒ for = Ϯ 2. One can also see that the terms become very large close to zeroth-order resonance conditions ͑green lines in Fig. 7͒ where the homonuclear dipolar coupling is recoupled ͑vide infra͒. These second-order terms are not present in the numerical simulations shown in Fig. 5 due to the limited size of the spin system. From the discussion of the nonresonant terms in the second-order effective Hamiltonian, it is clear that the area of good decoupling ͑narrow line, high peak intensity͒ is determined by the cross terms between the I-spin CSA tensors and the heteronuclear dipolar couplings. In a second step, the possible resonance conditions that can show up under TPPM decoupling have to be analyzed. There are different types of resonance conditions n 0 r + k 0 m + ᐉ 0 ␣ = 0 that play an important role in understanding the decoupling performance. They can show up as zeroth-order resonance conditions where the generalized effective Hamiltonian is given by Eqs. ͑22͒ and ͑23͒ or as second-order resonance condition where the effective Hamiltonian is given by Eqs. ͑24͒ and ͑25͒. A complete description of the potential resonance conditions is only possible in the full radio-frequency interaction frame used here which requires a triple-mode Floquet treatment.
The first class of resonance conditions is found for n 0 r + k 0 m = 0 which shows up as horizontal lines in the FIG. 6 . ͑Color͒ Contour plots ͑blue and red lines͒ of the coefficients q x ͑͒ for ͑a͒ = x, = Ϯ 1; ͑b͒ = z, = Ϯ 1; ͑c͒ = x, = Ϯ 2; and ͑d͒ = z, = Ϯ 2. These contour plots are superimposed on a grayscale density plot of the numerical simulations of a CH 2 spin system shown in Fig. 5͑a͒ . In addition, the resonance conditions m = n 0 r ͑straight lines͒ and ␣ = n 0 r ͑curved lines͒ are shown using green lines.
two-dimensional TPPM decoupling plots ͑Fig. 8͑a͒͒. They correspond to a recoupling of the heteronuclear ͑and homonuclear͒ dipolar coupling in zeroth order for n 0 = Ϯ 1 and Ϯ2, k 0 = 1, and ᐉ 0 = 0 and in second order for n 0 = Ϯ 3 and Ϯ4. Even third-order recoupling conditions of the heteronuclear dipolar coupling are visible for n 0 = Ϯ 5 and Ϯ6. The zeroth-order resonance conditions lie outside the plotted area at p = 10 and 20 s, respectively. In zeroth order, the FIG. 7 . ͑Color͒ Contour plot of the sum of the heteronuclear coefficients ͚ , ͉q z ͑͒ ͉ + ͚ , ͉q z ͑͒ ͉ for ͑a͒ = Ϯ 1 and ͑c͒ = Ϯ 2 and the sum of the homonuclear coefficients ͚ ,, ͉p x ͑͒ ͉ for ͑b͒ = Ϯ 1 and ͑d͒ = Ϯ 2. These plots are superimposed on a grayscale density plot of the numerical simulations of a CH 2 spin system shown in Fig. 5͑a͒ . In addition, the resonance conditions 2 ␣ − m = n 0 r and ᐉ 0 ␣ = n 0 r are shown using green lines.
FIG. 8. ͑Color͒
Plots of the resonance conditions encountered in TPPM decoupling. The location of the resonance conditions ͑n 0 , k 0 , ᐉ 0 ͒ are plotted as lines ͑blue or color coded: zeroth-order resonance conditions: green: second-order or third-order resonance conditions͒ superimposed on a grayscale density plot of the numerical simulations of a CH 2 spin system shown in Fig. 5͑a͒ . ͑a͒ Straight lines correspond to the resonance conditions ͑n 0 ,1,0͒ which recouple heteronuclear dipolar couplings; curved lines correspond to resonance conditions ͑n 0 ,0,1͒ which also recouple heteronuclear dipolar coupling. The strength of the resonance condition is given by the magnitude of the a x ͑1,0͒ and a x ͑0,1͒ Fourier coefficient, respectively. The magnitude of some of the zeroth-order resonance conditions has been color coded on the lines. ͑b͒ ͑n 0 , Ϯ 1, ϯ 1͒ resonance conditions which result in zeroth order ͑n 0 = 1 and 2͒ in a purely homonuclear dipolar Hamiltonian. Again, the magnitude of the resonance terms has been color coded on the line. ͑c͒ ͑n 0 , Ϯ 1, Ϯ 1͒ resonance condition. ͑d͒ ͑n 0 , Ϯ 1, Ϯ 2͒ resonance condition. strength of the heteronuclear recoupling condition is determined by the magnitude of the a x ͑1,0͒ Fourier coefficients. For the second-order terms, the sum over the products of the coefficients as shown in Eq. ͑25͒ gives the strength of the resonance condition. At these resonance conditions, the homonuclear dipolar coupling and the CSA tensors of the protons are also recoupled, but their influence on the S-spin spectrum is not as strong.
The second class of resonance conditions is given by n 0 r + ᐉ 0 ␣ = 0 and show up in Fig. 8͑a͒ as curved lines. They correspond to a recoupling of the heteronuclear dipolar coupling in zeroth order for n 0 = Ϯ 1 and Ϯ2, k 0 = 0, and ᐉ 0 = 1 and 2 and in second order for n 0 = Ϯ 3 and Ϯ4. The strength of the zeroth-order recoupling is given by the Fourier coefficients a x ͑0,1͒ for the heteronuclear terms and by a xx, ͑0,1͒ and a xx, ͑0,2͒ for the homonuclear terms. The strength of the heteronuclear terms is color coded on the contour lines for the n 0 = 1 and 2 resonance conditions. One can clearly see that the strength of the heteronuclear contribution to the resonance condition increases with increasing phase angle, which is also reflected in the numerical simulations. Although CSA tensors and homonuclear dipolar couplings are also recoupled, their influence on the S-spin spectrum is not as strong. The zeroth-order n 0 =1, ᐉ 0 = 2 resonance condition is a purely homonuclear resonance condition due to the fact that the a x ͑0,2͒ coefficients are zero. For the second-order recoupling conditions the sums of products of Eq. ͑25͒ have to be considered. In second order, cross terms between the heteronuclear dipolar coupling and the I-spin CSA tensors or the homonuclear dipolar coupling are the source of the broadening. The zeroth-order recoupling conditions are also visible in the plots of the nonresonant heteronuclear terms and homonuclear terms ͑Figs. 6 and 7͒. For the ᐉ 0 =1, n 0 = Ϯ 1 and Ϯ2 conditions, the cross terms between the CSA tensor and the heteronuclear dipolar couplings are quite small in the vicinity of the resonance condition for small angles , but for larger angles they increase dramatically ͑Fig. 6͒. For the ᐉ 0 =1, n 0 = Ϯ 1 and the ᐉ 0 =2, n 0 = Ϯ 1 conditions, we also find a strong homonuclear contribution, as can be seen from Figs. 7͑b͒ and 7͑d͒. A third class of resonance conditions involves all three frequencies and is characterized by n 0 r + k 0 m + ᐉ 0 ␣ =0. The first example in this class, n 0 r Ϯ m ϯ ␣ = 0, is plotted in Fig. 8͑b͒ . Since the a x ͑Ϯ1,ϯ1͒ Fourier coefficients are always zero, no recoupling of the heteronuclear dipolar couplings happens in zeroth order, and purely homonuclear terms are obtained due to the fact that the a xx, ͑Ϯ1,ϯ1͒ terms are nonzero. This corresponds to a "HORROR-type" recoupling condition, which can be used in homonuclear polarizationtransfer experiments, 48 where the recoupling sequence decouples the decoupling at the same time. Such a recoupling is beneficial in the context of decoupling since it leads to additional line narrowing if the residual coupling is sufficiently small. The magnitude of the a xx, ͑Ϯ1,ϯ1͒ Fourier coefficients is color coded in the contour lines and one can see a strong variation in the magnitude as a function of the TPPM parameters. The maximum of the n 0 = 1 and 2 resonance conditions is in the area where good decoupling is achieved. The same can also be seen from the homonuclear nonresonant homonuclear terms shown in Figs. 7͑b͒ and 7͑d͒ . The homonuclear dipolar cross terms are very strong around the zeroth-order n 0 = 1 and 2 resonance conditions, while the heteronuclear cross terms ͑Figs. 6 and 7͒ show no such behavior.
The resonance conditions n 0 r Ϯ m Ϯ ␣ = 0 are shown in Fig. 8͑c͒ . The zeroth-order conditions for n 0 = 1 and 2 are outside the plotted area and only the weak second-order resonance conditions for n 0 = 3 and 4 are shown. They have homonuclear and heteronuclear contributions and do not give rise to strong features in the plots of the decoupling efficiency. The recoupling condition n 0 r Ϯ m ϯ 2 ␣ =0 is shown in Fig. 8͑d͒ . The zeroth-order contributions ͑blue lines͒ for this resonance condition are purely homonuclear since the a x ͑k,2͒ Fourier coefficients are all zero. In second order ͑green lines͒, homonuclear and heteronuclear cross terms can contribute to the effective Hamiltonian.
The results discussed so far are combined in Fig. 9 which shows the same four experimental data sets already shown in Fig. 2 . In addition, the theoretical location of the minima of the residual coupling terms ͑second-order cross terms between CSA tensor and heteronuclear dipolar coupling͒ has been marked by a dotted white line ͑ p = / cos ͒. One can clearly see that the points of maximum peak height are in all cases close to the theoretical line. In addition, some of the resonance conditions have also been included as white ͑purely homonuclear͒ and black ͑homo-nuclear and heteronuclear͒ lines. Again, one can clearly see that the resonance conditions explain most of the areas of low peak height. Differences in the location between the theoretical resonance lines and the experimental measurements could originate from errors in calibrating the rf-field amplitude or from the presence of rf-field inhomogeneities. A more detailed prediction of the location of the maximum peak height as a function of the spinning frequency and the rf-field amplitude is difficult. A change in r will only change the location of the resonance conditions, while a change in 1 will change the location of the resonance conditions as well as the position of the location of the minimum for the second-order residual coupling terms.
For small values of r and large values of 1 , the area of good decoupling is relatively large due to the fact that most of the destructive resonance conditions fall outside the area of good decoupling. For faster spinning, the destructive resonance conditions move into the area of good decoupling and make a precise optimization of the parameters important. To find the parameters for the best decoupling performance, a two-dimensional optimization of the TPPM parameters within the limits of 5°and 20°for the phase and between and 1.2 for the pulse length should always give the optimum results. As a rule of thumb for finding the optimum TPPM decoupling condition, the following strategy seems to be the most efficient. For a pulse length which is slightly longer than a pulse, the phase is optimized between 5°and 20°. At the point with the best decoupling, the time is now optimized in a second step while keeping the phase fixed. This second optimization can be limited to roughly Ϯ10% of the pulse length but the steps should be fairly small.
The actual linewidth ͑full width at half height͒ of the simulated data of Fig. 5͑a͒ ranges from 12 Hz to more than 10 kHz. In the area of the maximum peak height corresponding to the minimum linewidth, the linewidth depends very strongly on the pulse length. A change of 0.20 s in the pulse length leads to a linewidth of more than 50 Hz. The combination of rf-field inhomogeneities with such a strong dependence of the linewidth on the pulse length can explain the observed experimental linewidths in the range of 20-30 Hz. Besides the inhomogeneous linewidth during a free evolution period ͑T 2 ͒, the homogeneous linewidth corresponding to the decay of the echo intensity under a spin-echo sequence ͑determined by T 2 Ј͒ is also an important quantity in solidstate NMR experiments. Figure 10 shows a comparison between the peak height as a function of the TPPM decoupling parameters during a free evolution period ͑Fig. 10͑a͒͒ and the intensity of the spin echo ͑Fig. 10͑b͒͒, using a fixed echo time of = 10 ms. This signal intensity is used as a measure for T 2 Ј. One can clearly see that for the spin-echo experiment, the areas of high peak height ͑corresponding to long T 2 Ј times͒ are much smaller and limited to the area where the heteronuclear cross terms are small. This can be understood from the properties of the spin-echo sequence which refocuses the heteronuclear second-order terms but not the homonuclear I-spin second-order contributions. Strong echoes can only be obtained in areas where either the heteronuclear or the homonuclear second-order contributions are small. If both contributions are present, the echo will be weak due to a simultaneous evolution under the heteronuclear and homonuclear terms which cannot be refocused.
In the original TPPM decoupling sequence 8 a squarewave implementation of the phase modulation was used while in the CM decoupling sequence 12,15 the phase modulation is implemented by a continuous sine modulation. Such a sequence is a special case of the more general CPM m-n sequences. 12 The Fourier series describing the square-wave phase modulation contains a sum of sine terms ͑see Eq. ͑2͒͒. In the corresponding CM implementation only the lowest Fourier coefficient of the full series is used. Figure 10 shows a comparison of the peak height of the CH 2 group in 1,2-13 C-glycine ethylester under TPPM ͑Fig. 10͑a͒͒ and CM ͑Fig. 10͑c͒͒ decoupling. The performance of TPPM and CM decoupling is almost indistinguishable in the observed range of the two parameters p and if one takes into account a scaling of the maximum phase by a factor of 4 / as one would expect from the Fourier expansion of a square wave ͑see Eq. ͑2͒͒. The same observation is also true for the use of TPPM or CM decoupling in spin-echo sequences to measure the T 2 Ј decay times. Again one finds that the two sequences give virtually identical results ͑Figs. 10͑b͒ and 10͑d͒͒. This result can be understood from the full interaction frame discussed in Sec. III. In the range of typical TPPM parameters ͑ p ഛ 2 or m Ͼ 1 / 2 and Ͻ 40°͒, the interaction frame of the continuous phase-modulated CM decoupling scheme has the same two frequencies as TPPM decoupling. The Fourier coefficients are also only significant for ͉ᐉ͉ ഛ 1 and ͉k͉ ഛ 2 and almost identical to the Fourier coefficients found for the square-wave TPPM irradiation. This explains why the TPPM and CM decoupling schemes show an almost identical behavior which was already shown experimentally in the publication about the CPM sequences. 12 Low-power TPPM and XiX decoupling can also be analyzed in the framework of the general description presented here. Due to the fact that the pulse length is much longer and, therefore, the modulation frequency of the pulse sequence much lower, different considerations come into play. We plan to investigate and characterize them in detail in the future.
V. CONCLUSIONS
In this work, a general description of TPPM decoupling under MAS in solid-state NMR has been presented. The description is based on a trimodal Floquet formalism. The analysis shows that for all phase angles except close to or at 90°, the cross term between the CSA tensor and the heteronuclear dipolar coupling dominates the residual coupling. Only near = 90°does, the cross term between the heteronuclear and the homonuclear dipolar coupling becomes important, as is known from the analysis of XiX decoupling. The residual couplings are never zero due to contributions from different Fourier components that depend differently on the external parameters. The residual couplings, i.e., the CSA dipolar-coupling cross terms, have a minimum along the line p = / cos , and we expect the area of good decoupling close to this line for phase angles smaller than 20°. The homonuclear dipolar cross terms are quite large over the whole range of parameters, with extreme values along purely homonuclear resonance conditions. The detailed location of the optimum TPPM parameters depends on the position of the resonance conditions, which change with spinning frequency and rf-field amplitude. The full set of potential resonance conditions have been described for the first time since they are only accessible in the full radio-frequency interaction frame that requires a trimodal Floquet treatment. The comparison with numerical simulations shows that already small spin systems consisting of one S spin and two I spins describe the important features of the decoupling sequences quite realistically. The linewidth obtained from such numerical simulations of TPPM decoupling was 12 Hz. Taking into account the rf-field inhomogeneities and the strong dependence of the linewidth on the pulse length, this can explain the observed experimental linewidth in the order of 20-30 Hz, indicating that the achievable linewidths are at least partially limited by the presently available decoupling sequences. 
͑C3͒
The parameters q z ͑͒ and q z ͑͒ of Eq. ͑20͒ are given by 
͑C9͒
The constants p ͑͒ of Eq. ͑21͒ are then given by 
